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Abstract The study of Hawking radiation of fermions via tunneling is a hot spot of current
topics in black hole physics. By constructing a set of appropriate matrices γ μ for general co-
variant Dirac equation, the tunneling effect of Kaluza-Klein spacetime was deeply studied.
For spacetimes with different dimensions, constructing a set of appropriate γ μ matrices for
general covariant Dirac equation is an important technique for fermions tunneling method.
As a result, the tunneling probability of Dirac particles and the expected Hawking tempera-
ture of the spacetime were successfully recovered.

Keywords Kaluza-Klein spacetime · Fermions tunneling · Dirac equation · Hawking
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1 Introduction

The study of quantum effect (Hawking radiation) of black holes is one of the most important
contents in modern theoretical physics. In recent years, there has been increasing interest
in Hawking radiation of black holes by using a semi-classical quantum tunneling method
firstly proposed by Kraus and Wilczek [1] and then elaborated by Parikh and Wilczek
[2, 3]. After that, Zhang and Zhao have extended this method from spherically symmetric
black holes to general axi-symmetric black holes and even to the cases of the massive and
charged particle’s tunneling with considerable success [4–6]. There has been considerable
work on tunneling radiation of scalar particles from typical black holes [7–13].

Recently, Kerner and Mann have succeeded in applying fermions tunneling from the
Rindler space-time and a general non-rotating black hole [14, 15]. They treated the Hawk-
ing radiation as a quantum tunneling process, and the Hawking temperature and tunneling
rate can be obtained by the fermions tunneling method. This method has been extended
to different typical black holes, and the expected Hawking temperatures were obtained,
which strengthen the validity and power of the method [16–20]. These work usually in-
volved 3- or 4-dimensional spacetimes. But, in 5-dimensional spacetimes, it has seldom
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been investigated expect in Refs. [21, 22]. Although fermions tunneling radiation from 5-
dimensional black holes has been considered in Refs. [21] and [22], the general complicated
5-dimensional charged black holes has not yet been involved.

The aim of the present paper is to extend fermions tunneling method to the charged
Kaluza-Klein black hole in five dimension by constructing a set of appropriate matrices γ μ

for general covariant Dirac equation. This case is quite complicated and is also universal in
most of 5-dimensional charged black holes. It is expected that our calculation and result of
the Letter can strengthen the validity and power of the method.

2 Tunneling Probability and Hawking Temperature

A new charged, rotating Kaluza-Klein black hole solution to the five-dimensional Einstein-
Maxwell theory with a Chern-Simon term is constructed by [23]. The metric and the gauge
potential of the solution are given by

ds2 = −W(r)

h(r)
dt2 + K2(r)

dr2

W(r)
+ r2

4
{K(r)(σ 2

1 + σ 2
2 ) + h(r)[f (r)dt + σ3]2} (1)

and

A =
√

3q

2r2

(
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2
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)
, (2)

respectively, where the metric functions W(r),h(r), f (r) and K(r) are defined as

W(r) = (r2 + q)2 − 2(m + q)(r2 − a2)

r4
, (3)

h(r) = 1 − a2q2

r6
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r2h(r)

(
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r2
− q2

r4

)
, (5)

K(r) = (r2∞ + q)2 − 2(m + q)(r2∞ − a2)

(r2∞ − r2)2
, (6)

and the left-invariant 1-forms on S3 are given by

σ1 = cosϕdθ + sinϕ sin θdφ, (7)

σ2 = − sinϕdθ + cosϕ sin θdφ, (8)

σ3 = dϕ + cos θdφ. (9)

For some purpose, we can rewrite the following metric
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and

A =
√

3q

2r2

(
dt − a

2
(dϕ + cos θdφ)

)
. (11)

The determinant of the metric is

√−g = 2K(r)

W(r)r sin θ
(12)

and angular velocities on the horizon are

�φH = gtφ

gφφ

= h(rH )f (rH ) cos θ

K(rH ) sin2 θ + h(rH ) cos2 θ
, (13)

�ϕH = gtϕ

gϕϕ
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r6
H − a2q2 + 2a2r2

H (m + q)
. (14)

It is necessary to calculate the inverse of the metric as we will need it in several instances

gtt = − h(r)

W(r)
, grr = W(r)

K2(r)
, gθθ = 4

r2K(r)
, gφφ = 4
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,
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,

gtr = gφr = gϕr = gtφ = 0,
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, gφϕ = − 4 cos θ

r2K(r) sin2 θ
.

(15)

The motion equation of 1/2 spin charged Dirac particles in the electromagnetic field can be
written as

iγ μ

(
Dμ + ie

�
Aμ

)
� + m

�
� = 0, (16)

where

Dμ = ∂μ + i

2

αβ

μ αβ, αβ = i

4
[γ α, γ β ], (17)

and the γ μ matrices satisfy

{γ μ, γ υ} = 2gμυ × I, (18)

m and e are the mass and the electric charge of the emitted particles. Choosing a presentation
for them in the following form

γ t = √−gttγ 0, γ r = √
grrγ 3, γ θ =

√
gθθγ 1,

γ φ = √
gφφγ 2, γ ϕ = Fγ 0 + Gγ 2 + Hγ 4,

(19)

where
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√
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(−gtt )2gφφ
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√
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,

(20)
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and the γ μ’s are

γ 0 =
(

0 I

−I 0

)
, γ 1 =

(
0 σ 1

σ 1 0

)
, γ 2 =

(
0 σ 2

σ 2 0

)
,

γ 3 =
(

0 σ 3

σ 3 0

)
, γ 4 =

(−I 0
0 I

)
,

(21)

here the σ i (i = 1,2,3) are Pauli Sigma matrices, I is a 2 × 2 identity matrix and gamma
matrices γ a (a = 0,1,2,3,4) obey the anticommutation relations

{γ a, γ b} = 2ηab (22)

with ηab = diag(−1,1,1,1,1) being the flat (Lorentz) metric tensor. Here, we will only
analysis the spin-up case since the final result is the same as the spin-down case as can
be presented by using the methods described below. We employ the ansatz for the spin-up
spinor field � as following

�(t, r, θ,φ,ϕ) =

⎛
⎜⎜⎝

B(t, r, θ,φ,ϕ)

0
D(t, r, θ,φ,ϕ)

0

⎞
⎟⎟⎠ × exp

(
i

�
I↑(t, r, θ,φ,ϕ)

)
. (23)

Substituting the above ansatz (23) into the Dirac equation (16), and keeping the prominent
term, we can get the following equations

D[√−gtt (∂t I↑ + eAt) + √
grr∂rI↑ + F(∂ϕI↑ + eAϕ)] − B[H(∂ϕI↑ + eAϕ) + m] = 0,

(24a)

D[√gθθ∂θ I↑ + i
√

gφφ(∂φI↑ + eAφ) + iG(∂ϕI↑ + eAϕ)] = 0, (24b)

−B[√−gtt (∂t I↑ + eAt) − √
grr∂rI↑ + F(∂ϕI↑ + eAϕ)] + D[H(∂ϕI↑ + eAϕ) − m] = 0,

(24c)

B[√gθθ ∂θ I↑ + i
√

gφφ(∂φI↑ + eAφ) + iG(∂ϕI↑ + eAϕ)] = 0, (24d)

Because there are three Killing vectors (∂/∂t )
μ, (∂/∂φ)μ and (∂/∂ϕ)

μ in 5-dimensional
charged rotating Kaluza-Klein spacetime, we can employ the following ansatz

I↑ = −ωt + jφ + Lϕ + R(r, θ) + K, (25)

where ω, j and l are the emitted fermion’s energy and angular momentum corresponding to
the angles φ and ϕ, and K is a complex constant. Substituting the ansatz (25) into (24a)–
(24d), we have

D[√−gtt (−ω + eAt) + √
grr∂rR(r, θ) + F(L + eAϕ)] − B[H(L + eAϕ) + m] = 0,

(26a)

D[√gθθ ∂θR(r, θ) + i
√

gφφ(j + eAφ) + iG(L + eAϕ)] = 0, (26b)

−B[√−gtt (−ω + eAt) − √
grr∂rR(r, θ) + F(L + eAϕ)] + D[H(L + eAϕ) + m] = 0,

(26c)
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B[√gθθ ∂θR(r, θ) + i
√

gφφ(j + eAφ) + iG(L + eAϕ)] = 0. (26d)

From (26a) and (26c), we can get

∂rR(r, θ) = ±
√

(ω − e�+ − j�φH − L�ϕH )2 − (−gtt )−1
,r (r − r+)[H 2(L + eAϕ)2 − m2]√

grr
,r (−gtt )−1

,r (r − r+)
,

(27)
where r+ = rH , and

�+ = A(r+, θ) + �φH Aφ(r+, θ) + �ϕH Aϕ(r+, θ). (28)

Near the horizon, R(r, θ) can be separated as R(r, θ) = R(r) + �(θ), which corresponds to
∂rR(r, θ) = ∂rR(r). Since the contribution from �(θ) is completely the same for both the
outgoing and ingoing solutions, the contribution of �(θ) to the imaginary part of the action
is canceled out. Solving for the radial function R(r) yields

R± = ±πi
K(r+)

√
h(r+)

W ′(r+)
. (29)

The imaginary part of the action can only be due to the pole at the event horizon or to the
imaginary part of K . So when a particle is crossing the event horizon each way, the outgoing
and ingoing probabilities are respectively given by

Pout = exp

(
− 2

�
Im I↑

)
= exp

[
− 2

�
(ImR+ + ImK)

]
,

Pin = exp

(
− 2

�
Im I↑

)
= exp

[
− 2

�
(ImR− + ImK)

]
.

(30)

Then the tunneling probability of fermions crossing from inside to outside the event horizon
becomes


 = Pout

Pin
= exp(−4 ImR+) = exp

[−4πK(r+)
√

h(r+)

W ′(r+)

]
. (31)

From the tunneling probability, Hawking temperature of rotating Kaluza-Klein black hole
can be determined as

T = W ′(r+)

4πK(r+)
√

h(r+)

= [(r2+ + q) − (m + q)](r2∞ − r2+)2

π[(r2∞ + q)2 − 2(m + q)(r2∞ − a2)]
√

r6+ − a2(q2 − 2r2+(m + q))

. (32)

As a result, Hawking temperature of the charged rotating Kaluza-Klein spacetime by fermi-
ons tunneling method is successfully recovered.

3 Conclusion

Although the tunneling methods have been applied to deal with Hawking radiation of black
holes with considerable success, most of them are limited to the case of 3- or 4-dimensional
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space-time. In this paper, by constructing a set of appropriate matrices γ μ, we have extended
Kerner and Mann’s fermions tunneling method to the charged rotating Kaluza-Klein black
hole. Finally, Hawking temperature of the black hole by fermions method is successfully
recovered. As far as I know, Hawking radiation of Dirac particles from the high dimensional
axi-symmetric black holes has not been deeply studied. So it is interesting to see if fermions
tunneling method is still applicable in such black holes, and how to choose the matrices γ μ

for the covariant Dirac equation of 5-dimensional black hole. We expect our next work can
report it.
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